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We discuss finite-temperature QCD sum rules at low temperatures, including perturbative as well
as nonperturbative thermal corrections. The electric and magnetic condensates of the thermalized
QCD state are extracted from present lattice calculations of the energy density and pressure. Alter-
native parametrizations based on instanton calculations and string behavior at finite temperature
are also discussed. Throughout, a particular emphasis is put on the nature and size of the tempera-
ture corrections. In the 1~ channel the temperature behavior of the p parameters are investigated.
In the range of applicability of the sum-rule procedure, the p parameters are found to vary slowly

with temperature.

I. INTRODUCTION

Recently there has been increasing theoretical interest
in hadronic matter under extreme conditions of tempera-
ture and density following the recent experiments at
CERN SPS using ultrarelativistic heavy-ion collisions.!
It is generally believed that at high temperature or densi-
ty bulk hadronic matter undergoes a phase transition to a
plasma of quarks and gluons. This idea is supported by
lattice Monte Carlo calculations.??

Monte Carlo simulations provide a powerful tool for
investigating the nonperturbative character of QCD in
the vacuum and in the presence of matter. However, the
Euclidean formulation of the lattice calculations makes it
difficult to analyze real-time correlation functions at finite
temperature. Moreover, the analysis of QCD at finite
density on the lattice has so far proved difficult.

A few years ago, Bochkarev and Shaposhnikov out-
lined an extension of the QCD sum rule to finite tempera-
ture and densities.* Using a variant of the QCD sum
rules they investigated the dependence of the resonance
mass and threshold parameters on the temperature in the
vector channel. Their results show a rapid change in the
resonance spectrum at about 150 MeV which they
identified with the expected QCD phase transition. This
transition was, however, criticized recently by Dosch and
Narison,” who argue that it follows from an inappropri-
ate use of the stability criterion. A similar concern has
been raised by Furnstahl, Lee and one of us,® who have
also extended the analysis to charmonium.

In this paper, we would like to address the problem of
finite- (low-) temperature QCD sum rules with a special
concern on the temperature dependence in the Wilson
coefficients and vacuum condensates, a point so far
(largely) ignored. In particular, we would like to investi-
gate the changes in the mass and threshold parameters
using input condensates that account for the general be-
havior of the thermalized QCD state, emphasizing
throughout the role of temperature in the asymptotic ex-
pansion. Specifically, we calculate all temperature
corrections to the Wilson coefficients of those operators
that are retained in the operator-product expansion
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(OPE) (to zeroth order in the quark-gluon coupling) and
assess their size and relevance as compared to the
temperature-dependent condensates. For the vacuum pa-
rameters, we will consider three alternatives. First, we
will extract (in Minkowski space) the electric and mag-
netic condensates from the lattice calculations of the bulk
energy and pressure at finite temperature (model I). Since
the lattice results are still in a qualitative stage, we will
consider a second parametrization of the vacuum param-
eters as implied by the finite-temperature instanton re-
sults of Nowak, Verbaarschot, and one of us”® (model I1).
Finally, since instantons are not sufficient to trigger the
correct string tension at zero temperature, we will
present (qualitative) arguments for a third alternative
based on the finite-temperature dependence of the string
tension in the strong-coupling limit (model III). Our re-
sults show that the QCD sum-rule calculations become
unreliable near 7,. Our analysis will be restricted to the
case of zero chemical potential. The effects of density on
the resonance spectrum will be discussed elsewhere.

II. THE METHOD

At finite temperature the relevant correlator is the
thermal average of the retarded propagator (see, e.g.,
Refs. 9 and 10):

GR(q0,@)=i [ d*x e"*0(x)(0|[J,(x),7,(0)[0) ,
2.1)

where J,, is a pertinent QCD current. In the p channel

we will use (unregularized)

T, ()= (x)y u (x)—d(x)y,d (x)] . (2.2)

To distinguish the long- and short-wavelength contribu-
tions to (2.1) we will make use of the OPE for the com-
mutator. Details of the procedure can be found in the
original paper by Wilson.!! At short distances (x —0),
the contributions to (2.1) can be organized in an asymp-
totic series using local and Becchi-Rouet-Stora-Tyutin-
(BRST-)invariant bilinears of increasing dimensionality
(normal ordering understood):
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[J(x),J(0)]=C(x)1+C_ (x)mgq + C ,5(x)E?

+@Bz(x)B2+ cee (2.3)

where ¢ (x) is the quark field operator and E and B the
electric and magnetic gluon fields. The short-distance
singularities are lumped in the Wilson coefficients € and
can be evaluated in perturbation theory.'? Since the
operators in (2.3) have various dimensions, the Fourier
transform of the Wilson coefficients involves increasing
powers of 1/Q? reflecting the dominant contribution of
operators of the lowest dimensions at short distances.

The true (nonperturbative) vacuum is believed to sup-
port Lorentz-invariant quark and gluon condensates.
Conventional sum rules suggest !>

(ggq ) =(—250 MeV)?

and

((2a,/m)(B*—E?))=(330+20 MeV)* .

At zero temperature normal ordering is enforced in the
perturbative vacuum. If this ordering is kept at finite
temperature, the Wilson coefficients remain T indepen-
dent while the composite operators acquire thermal per-
turbative and nonperturbative effects. To sort out the
perturbative contribution from the composite operators a
reordering in the heat bath is needed. This is achieved by
formulating the finite temperature problem using
thermo-field dynamics where the T vacuum is defined
analogously to the zero-temperature vacuum. In this
spirit, normal ordering at finite temperature will be en-
forced in the T vacuum following the doubling of the field
variables.!* As a result, the Wilson coefficients in (2.3)
acquire an additional temperature dependence so that the
thermal averages of the composite operators no longer in-
volve thermal perturbative effects. In a way, this corre-
sponds to a nontrivial rearrangement of the OPE around
the blackbody spectrum. '

Throughout, we will enforce the above considerations
by using the background-field formalism at finite temper-
ature to evaluate the Wilson coefficients. At zero temper-
ature, this method is equivalent to using the OPE. At
finite temperature the generic form of the Wilson
coefficients is [Q =(igy;q=0)]

1 T?
:@g;? (Ezz) 0* +@gz Qs
At very low temperatures (7 <<T,) the temperature
dependence in the Wilson coefficients and the vacuum
condensates is small when the external energy is about
the resonance mass. The effects of higher condensates
(d >6) can be ignored just as in the zero-temperature
case. For temperatures of the order of T~T,~V'E the
contributions from higher-dimensional operators become
comparable to the temperature corrections. For con-
sistency, an expansion in operators of higher dimensions
requires a commensurate expansion in 7. Hence, we will
limit the discussion to low temperatures (0<7T <7T,) and

keep only terms of order Q ~° in the expansion.
The retarded commutator (2.1) is analytic in the upper

+¢ (2.4)

E?

half plane and obeys the dispersion relation (modulo sub-
tractions)

ReGf,( 2.5)

wImG
T fo s( QZ)

At finite temperature, GR

verse (G ) and a longitudinal (G ) form factor:

Qle QIQ_[
I Q Q2
G&=Q%G, .

is characterized by a trans-
16

GF=|8; G+ Q3iG, , (2.6)

2.7

In the resonance rest frame the two form factors are re-
lated to each other: G;— Q?G, with Q—0. Hence, it is
sufficient to study the longitudinal form factor. From
now on the source will be taken at rest in the heat bath.
The imaginary part in (2.5) [right-hand side (RHS)] in-
volves poles and cuts and cannot be evaluated in pertur-
bation theory. We parametrize the RHS in the p channel
using a pole mass at m, with a strength f,, a threshold
energy S, and a scattering term S for soft thermal dis-

P
sociations (mainly through pions) at s =0. Specifically,

ImG, (s fm 78(s —m?)

p

+0(s —SO)S1 tanh +S,m8(s) . (2.8)

4T

Following the usual sum-rule procedure we have used the
temperature dependence of the imaginary part of the
thermalized vacuum for an optimal parametrization of
the threshold part.

The OPE expansion yields perturbative information on
the real part of Eq. (2.1) [LHS of (2.5)] in the deep Eu-
clidean region (Q%— o). To evaluate the real part of the
retarded propagator we can use thermo-field dynamics
for the Feynman propagator and then analytically contin-
ue it to the Euclidean axis. Equivalently, we can just cal-
culate the real part of the Matsubara propagator for
¢°=w,=i2wnT and then analytically continue it to the
full Euclidean axis. The leading perturbative contribu-
tion to the Matsubara propagator is shown in Fig. 1(a).
For simplicity, we have not included radiative correc-
tions to @,. At T =0, this contribution is small (about
5%). We expect these effects to be even smaller at finite
temperature, as the coupling constant runs down. The
calculation of O(«a;) corrections at finite temperature is
prohibitive. We hope, however, to explore this point in a
further investigation.

Figures 1(b)-1(e) show the leading nonperturbative
contributions as implied by the OPE. As in the zero-
temperature case the contribution in Fig. 1(b) vanishes in
the chiral limit. As for Fig. 1(d), its contribution turns
out to be infrared divergent at finite temperature in the
chiral limit. We shall comment on this below. The con-
tributions of the electric and magnetic condensates of the
type shown in Figs. 1(c) and 1(d) are in general different
since in the heat bath the vacuum is O(3) rather than O(4)
invariant. As already pointed out higher-dimensional
operators and higher powers of T are suppressed by
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(e)

FIG. 1. (a) Leading perturbative contribution to the OPE:
coefficient @; (b) contribution of the quark condensate €_; (c)
contribution of gluonic operators: coefficients @‘1’52 and @”Bz; (d)

coefficients €%, and C}; (e) coefficient Co

powers of the external momentum Q2. In the real-time
formalism the calculation is similar to the zero-
temperature case except for the introduction of ghost
fields to take care of the pinch singularities. This ap-
proach is described in Appendix A. The results for the
Wilson coefficients in both the real and imaginary time
approaches agree and read

. — 2
R(M*T)=1—c o P

+ 872

(=) -(5)

1 7 ,T* 248 ,T®
@:_ 1 2_*__‘ 22 L70 4‘——*, 2.9
R T T AT >
a, 2
=2 1 2,1 (2.10)
6r Q 9 Q
8a 2
= Ly 42T
E 97 Q* p? o’
__4 T
‘,‘,z——gasﬁ“Q—(, , (2.12)
8a 2
Cl,=— s 1 l_lng_472L , (2.13)
B 97 Q* ©’ 0’
_ 112
Cla™ " g1 ™% 249

where only terms of order Q ~° have been retained. The
unexpanded expressions are quoted in Appendix B. To
check the reliability of the temperature expansion we
have performed calculations with both the expanded and
the unexpanded (resummed) Wilson coefficients.

We have ignored d =6 gluon operators such as
E-(EXB) ‘- -. At zero temperature, they combine to the
Lorentz-invariant form fe°FeF°F¢. The latter is found
to give zero contribution to correlations in the quark bi-
linears.!”!'® This is no longer true at finite temperature
due to the lack of manifest Lorentz invariance in the heat
bath. However, since these operators are suppressed in
the range O0<T <7, as compared to the lower-
dimensional operators, we have ignored them.

The Wilson coefficients for E? and B? are infrared
divergent. At zero temperature, however, we have
(E?)=—(B?) so that the infrared divergence drops
from the Lorentz- and gauge-invariant combinations in
the chiral limit. This is no longer true at finite tempera-
ture. The infrared divergence is due to Fig. 1(d) when the
quark line between the gluon insertions becomes soft. At
zero temperature and for nonvanishing current masses,
this soft contribution is lumped into mgq using the equa-
tions of motion.!” Since the argument holds at the opera-
tor level, it will be understood throughout.

As in the zero-temperature case one hopes to match
the perturbative calculation (LHS) with the nonperturba-
tive parametrization®® (RHS) using a Borel transforma-
tion with a Borel parameter M? around the resonance re-
gion. Equating the Borel transform of the RHS with the
Borel transform of the LHS, we obtain the sum-rule re-
sult

2
m 2 2
87 o 32 "M =R ML TY), @.15)
where
Sy /4 Jy.2
X (X /TIAx)
M
— 2
8 Lggn* 2.16)
81 Mo
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with np(x /T)=(14+e*’T)" T and
2 4
Jl(x)=l~—4#+8%. 2.17)
Note that the perturbative temperature corrections to €,
given by (2.9) cancel most of the temperature dependence
in the parametrized threshold part given by (2.8). The
left over is the fourth term in (2.16). This cancellation
" follows from the duality of the quark spectrum and the
hadron spectrum at high momentum. As a result, the
temperature corrections do not overwhelm the perturba-
tive contribution at low temperatures.

III. VACUUM PARAMETERS

Since at present there is no final consensus on the vacu-
um condensates at finite temperature, we will investigate
three different but complementary cases. First we will
extract the condensates from present measurements of
the bulk properties of finite temperature QCD on the lat-
tice. We shall refer to this parametrization henceforth as
model 1.

The equilibrium energy density and pressure of QCD
matter on the lattice is evaluated using

€:a<<E2+B2»1attice+y<<B2~E2»lattice ’ 3.1)

7):%«E2+B2»]anice—y«Bszz»lattice ’

where ((E?)) and ((B?)) are the continuum limit of the
timelike and spacelike plaquette actions (Minkowski no-
tation). Using gluons only (N,=3), the coefficients in
(3.1) are given by*!

a=0.5—0.08339g2+0(g*) ,

3.2)
y=0.0—0.01742g%+0 (g*) .

Note that (3.2) yields the correct trace anomaly on the
lattice. These condensates contain both perturbative and
nonperturbative contributions. On the lattice the sub-
traction can be performed as follows:

UE2N =(KE>D —CE*o)price— CE*) , +{(E?) P
UB2N =({B2) —UAB* N uice— C BN, +(B2) .

First, the zero-temperature data on the lattice are sub-
tracted from the raw condensates at finite temperature.
The result contains finite-temperature perturbative ),
and nonperturbative contributions. We have subtracted
the former by using the asymptotic form of the energy
density at high temperature on the lattice with
?,.=6, /3. Finally we have added the zero-temperature
vacuum condensate as implied by lattice estimates and
sum rules.

Figure 2 shows the behavior of the vacuum conden-
sates using the lattice results for the energy density and
pressure of the Columbia group.??> The calculations have
been carried out on a 163X 4 lattice. For &, we take the
value of the energy density at the highest temperature of
the data set. Below T, (8,=5.6925), & and P are con-

sistent with zero. We extrapolate this behavior to zero

A 12 T I B T T
8 » -
b 1.0 fmeszzoozotTt T =
PN - -
A u -
£ 08 ]
T -
v - .
A 0.6 — =
e C ]
V -
X oaf ]
< ool 1 11 R TN T N B R T O e
0.0 0.5 1.0 1.5
T/T.

FIG. 2. Vacuum condensates from lattice results (model I).
The full curve shows the behavior of {{ B?)) normalized to its
zero-temperature value, the dashed curve represents the nor-
malized (E?)).

temperature, which gives almost constant values of the
condensates below 7,. The figure indicates that the con-
densates do not vanish above 7,.. In the range
T,<T <2T, we see that ((B*))~—{((E?)). The con-
densates have dropped by about 50%. This is consistent
with recent lattice estimates of the electric and magnetic
condensates for SU(2) at high temperature.> The non-
vanishing of the gluon condensates well above 7. stems
from the fact that the pressure 7 lags behind the energy
density & /3 in approaching the Stefan-Boltzmann limit.

At present, large scale SU(3) simulations with light
quarks are not available. As an example we have taken a
4-flavor simulation by Kogut and Sinclair®* (similar re-
sults have been obtained by Karsch et al.?®). Since these
simulations are performed in a narrow temperature inter-
val very close to T,, a global dependence of the quark
condensate on temperature cannot be extracted. In order
to achieve this, additional simulations on lattices with
larger temporal extent (lower temperature) are required.
We have used the 4-flavor simulation by Grady, Sinclair,
and Kogut?® on a symmetric (8 X 83) lattice to tentatively
extract a temperature profile for the quark condensate.
To set the scale at T'=0 we have used their calculation of
the p mass, thereby eliminating the lattice spacing, and
fixing the normalization. For 750 we have enforced
T.=140 MeV, which is slightly larger than the value es-
timated in Ref. 26. This sets the normalization of the lat-
tice results around 7,. Figure 3 shows the behavior of
the quark condensate (normalized to its zero-temperature
value) constructed by interpolating these two lattice cal-
culations. The lattice results of Kogut and Sinclair indi-
cate a first-order transition. Recent calculations for the
interesting case of two light flavors on an 8X 12° lattice
by Gottlieb et al.?’ seem to suggest a much weaker tran-
sition, although an extrapolation to zero temperature is
not possible.

A second albeit model-dependent choice for the vacu-
um parameters stems from the instantons description of
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FIG. 3. (a) {gq)) condensate in model I (points from Ref. 24
and Ref. 26). The solid curve is our interpretation of these
points. Since the absolute values suggested by the lattice calcu-
lation are unreliable we have normalized at zero temperature.

the QCD vacuum. Assuming that the QCD partition
function is dominated by instanton and anti-instanton
fluctuations yields a reasonable description of the QCD
ground state. Instantons and anti-instantons stabilize in
the vacuum in a disordered quantum state similar to a
quantum liquid. In the latter, chiral symmetry is spon-
taneously broken following the delocalization of the fer-
mion zero modes. With increasing temperature the in-
stantons and anti-instantons are found to boil off the vac-
uum restoring chiral symmetry. The behavior of the in-
stanton density n (7T") and the fermion condensate at finite
temperature have been investigated by Nowak, Verbaar-
schot, and one of us.””® Their results (for two flavors) are
shown in Figs. 4(a)-4(b). Since the instanton solutions
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are self-dual we have (in Minkowski space)
(B*N=—(E*)=n(T)/4 .

At T, both the electric and magnetic condensates vanish.
This parametrization will be referred to as model II. The
instanton calculation underestimates the string tension by
about 50% at zero temperature.

A third possible parametrization of the vacuum con-
densates can be inferred partly from strong-coupling ar-
guments (model III). Overall, lattice QCD calculations
suggest a disordering of the timelike Wilson loop and a
vanishing of the fermion condensate at some critical tem-
perature T,. The disordering of the timelike Wilson loop
leads to a vanishing of the string tension o (7). This be-
havior is supported by calculations using string models.
Using a bosonic string in d = « dimensions Alvarez and
Pisarski?® have shown that the string tension scales as fol-
lows:

) Y122
T

o(T)=0(0) |1- -

(3.4)

Dimensional arguments suggest that (( E2)) ~ —o2. This
parametrization is justified in the strong-coupling limit.
Since spacelike Wilson loops display an area-law behavior
above the critical temperature,29 we expect
«B?*))~(B?%*). For consistency, we will use
{gg » ~—03? as suggested by dimensional arguments.
This scaling is only suggestive, since the model does not
allow for a direct calculation of the quark condensate.

12 CT 17T l T 1T I LI T 17 ‘ T T T
A 1.0 C =
< 08F =
v = 4
£ o4 —
Vi C .
Vo ooeE =

OO :l 11 l 1 1 1 l 111 | | | l |- l:

0.0 0.2 0.4 0.6 0.8 1.0
T/T,

12 LT 1T | 1T I T TT ] T 17T ] T 17T I T

1.0 F =
A - =
8 0.8 — —
& 06 = (b)
v - -
~ = -
A 04 — —
(o) - 3
|g 02 . ]
Vv 00 C1 11 I | I - t | .| l | . I L1 17

0.0 0.2 0.4 0.6 0.8 1.0
T/T.

12 17 T 17 L B T 17 T
A -
o -
N -
v =
z = (a)
=) _—
o ]
= -
Vv —

00 CL 11t Lo b by b I:

0.0 0.2 0.4 0.6 0.8 1.0
T/T.

12 0171 [TT T[T T T rrrrrr 1]

1.0 | —
A - -
& 06— = (b)
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A 0.4 =
) E -
,g 0.2 — —
Vv 0.0 L1 I L1l | 111 | 111 l 111 17
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FIG. 5. Temperature dependence of the condensates as im-

FIG. 4. Temperature dependence of the condensates from
the instanton liquid model (model II) (from Ref. 8). (a) ( E?))
and ((B?)) condensate; (b) {{(gg ) condensate.

plied by a string model (model III). (a) {(E?)) condensate; (b)
«gg » condensate. The magnetic condensate is kept tempera-
ture independent.
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1-2_|||111]|r7|||r—r;|[

S 10— E
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FIG. 6. Temperature dependence of the square of the con-
densates. The full line is taken from Ref. 4 and serves for com-
parison. The dotted line shows the profile as used in model (I).
Model (II): long dashed line; model (III): short-dashed line.

However, this scaling is consistent with models I and II.
The temperature dependence of the condensates in this
parametrization is shown in Figs. 5(a)-5(b).

In order to compare these parametrizations of the
quark condensate with the one used by Bochkarev and
Shaposhnikov,* we plot the square of our condensates
against T /7T, (this is the quantity that enters in the sum
rule) and compare this behavior with the model assump-
tion of Ref. 4. As is apparent from Fig. 6, the choice of
Ref. 4 lies in between our choices.

IV. THE RESULTS

In order to extract the p parameters form the sum rule
(2.15), we minimize the difference squared (LHS—RHS)?,
which is a function of the Borel parameter M2, the p
mass m,, the p strength f, the threshold energy S, and
S, in a given range of the Borel parameter (window). In
order to have a reliable estimate for the p-meson parame-
ters we follow SVZ in choosing the window in such a way
that the nonperturbative contributions to the sum rule do
not exceed 30% at small M? (dominance of the perturba-
tive contribution). Likewise, we fix the right boundary
(large M?) by requiring that the contribution of the con-
tinuum remains smaller than 309% of the contribution of
the resonance (resonance dominance). We then adjust
the parameters m,, fp, and S, in such a way that
(LHS —RHS)? is minimal for all M? inside the Borel win-
dow. This is done, for the resummed version of the sum
rules, for temperatures 0<7T /T, <1 using an optimiza-
tion routine. The results of this procedure are the full
lines in Figs. 7-10. For the sum rules that rely on ex-
panded Wilson coefficients this method is used for
0<T/T.<0.6 (dashed lines in Figs. 7-10). For
T/T.>0.6 we have adjusted the parameters for various
points between 0.6 <T /T, <0.95 to show the qualitative
behavior of the mass, the threshold, and the coupling.
These points are marked by squares in the figures.

Typically, the width of the window is AM2~1 GeV? at
T =0 to cover the resonance and some of the continuum
and decreases only slightly at higher temperatures.
Around T, the window is only a fraction of that value,
however, since power corrections and continuum contri-
butions are large.

1.0 i T T T I T T T ] L T l T T lI: l T T
0.8 “E———————'—"—"—&.—\"—\—;
> 06 =
= 04f 3@
Etx . E =
02 Model I =
¥ L1 1 l 1 1 1 l 1 1 1 l 1 1 1 l 1 11
0.0
0.0 0.2 0.4 0.6 0.8 1.0
T/Te
2.5 i T 7T T I T T T I T T T l T T T I T T T :t
20 s ® ° e 3
o = 3 (v
. 10E -3
v E 3
0.5 Model I =
00 L 1 1 ] 1 | 1 l 1 1 1 | 1 1 1 I 1 1 1 :F
0 0.2 0.4 0.6 0.8 1.0
T/Te
0.08 + T T T I T T T i T T T "71' T T l T T T
0.06 i Model 1 =
08 F :
o 0.04 E =)
0.02 [ i
? L 1 1 | 1 1 1 L 1 1 1 | 1 1 1 l 1 1 1 T
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0.0 0.2 0.4 0.6 0.8 1.0
T/T.

FIG. 7. p-meson parameters from model I. (a) p-meson mass;
(b) continuum threshold Sy; (c) resonance strength f,. The
dashed lines and squares are calculated using expanded
coefficients, the full lines using the resummed coefficients.
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FIG. 8. p-meson parameters from model II. (a) p-meson
mass; (b) continuum threshold So; (c) resonance strength f,.
Notation as in Fig. 7.
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FIG. 9. p-meson parameters from model III.
mass; (b) continuum threshold S,; (c) resonance
Notation as in Fig. 7.
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Throughout, we use
1 2
pszo dx2np(x /2T)=LT? , 4.1)

where ng(x) is the bosonic distribution function. This is
expected on general grounds if the medium consists
predominantly of free massless pions (see, e.g., Ref. 4).
The latter situation seems to prevail below the
deconfining transition. As a check we have performed
the same calculation with a different S, (7), namely one
that is expected above the deconfining transition (medium
of free quarks). In this case Sp(T)=%T2. Changes of
that order do not affect considerably the present calcula-
tion. At T =0 we overestimate the experimental values
of the p-meson parameters by about 5%:* m, =805
MeV, f,=0.032 and S;=1.75 GeV>. The strength of
the resonance is related to the p coupling constant
through

1
2
gi=—, 4.2)
p fp
such that we obtain
2 o
8p 949 . (4.3)
41

This is also close to the experimental value’!

(b)
1’2 e LI LR LI L=
- | | ] E
1.0 F _4
C 3
S 08| N
3 o 3
~ 06 -
L) - 3
(_‘5" 0.4 — \-:‘
02 . M=0.78 GeV =
00 :I 11 l 111 l 111 l 111 I L1 l:

00 02 04 06 08 1.0

T/T.
1'2 LT I T TT l TTT ' T T 1T ] L=
1.0 F -
S osf 3
S C 3
~ 06 ]
e - 3
$ 04 =
02 F. M=06 GeV NN
0_0:||||1||l||1||11|1|\\:

00 02 04 06 08 10
T/T.
(a)

FIG. 10. Temperature dependence of the Borel transformed Wilson coefficients for two typical values of the Borel mass. (a)
C|(T)/€C(0) at M =0.78 GeV; (b) CAT)/C ,(0) at M =0.78 GeV; (c) C(T)/C(0) at M =0.5 GeV; (d) @GZ(T)/@GZ(O) at

M =0.5GeV.
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TABLE I. Splitting of the contributions to the sum rule for the lattice model (model I). LHS: splitting into perturbative (vacuum)
and nonperturbative contributions; RHS: splitting between excitations. The contributions to the LHS and to the RHS respectively
are normalized in such a way that they sum up to 1 (up to rounding errors).

LHS RHS
T/T. Vacuum «a*» «(gg?*» Reson. Contin. Dissoc.

0.0 (full) 1.023 0.098 —0.121 0.93 0.07 0.0

0.0 (expanded) 1.023 0.098 —0.121 0.93 0.07 0.0

0.6 (full) 1.009 0.070 —0.079 0.845 0.070 0.085
0.6 (expanded) 1.012 0.056 —0.068 0.845 0.074 0.081
0.7 (full) 1.007 0.067 —0.074 0.818 0.069 0.113
0.7 (expanded) 1.007 0.045 —0.052 0.832 0.067 0.101
0.8 (full) 1.006 0.066 —0.072 0.786 0.067 0.147
0.8 (expanded) 1.006 0.039 —0.046 0.801 0.071 0.129
0.9 (full) 1.004 0.069 —0.072 0.749 0.062 0.189
0.9 (expanded) 1.020 0.043 —0.063 0.755 0.053 0.193
0.95 (full) 1.001 0.073 —0.074 0.727 0.058 0.215
0.95 (expanded) 1.041 0.048 —0.089 0.751 —0.007 0.256

2

=2.36+0.18 .
4

expt

(4.4)

Using the lattice condensates (model I) the behavior of
the p mass is shown in Fig. 7(a), the behavior of the
threshold energy .S, is shown in Fig. 7(b) and the p-meson
strength f, in Fig. 7(c) for a range of temperatures below
T,. We have used T, =140 MeV and the lattice results
for the condensates in Fig. 3. The dashed curves and
square points correspond to the expanded Wilson
coefficients in the OPE, whereas the full curves corre-
spond to the unexpanded Wilson coefficients as discussed
in Sec. II. Because of the fact that the quark condensate
on the lattice does not show a marked change below T,
there is accordingly no change in the p-meson parame-
ters. This is a feature of the first-order transition. For a
second-order transition the change in the parameters
would be much more pronounced. The difference be-
tween the resummed and the expanded version of the
sum rule is due to the different Wilson coefficients. The
resummed coefficients are slowly varying functions of T
in the range of parameters used here as shown in Fig. 10
for two different values of the Borel-parameter (full

curves) in contrast with the expanded coefficients (dashed
curves). The latter have a T behavior that is opposite to
the quark condensate. This cancels the dropping of the
quark condensate at intermediate values of T.

Figures 8(a)-8(c) and 9(a)-9(c) show the behavior of the
p-meson parameters using the instanton calculation
(model II) and the string model (model III), respectively.
Overall the p parameters are rather insensitive to large
variations in the temperature below 7, when using the
expanded Wilson coefficients. The reliability of the tem-
perature expansion can be measured by the deviation of
the expanded results (dashed curves) from the unexpand-
ed results (solid curves). This is to be contrasted with
Ref. 4 where a rapid variation in the p parameters is
found. Notice however that the comparison is at best
suggestive since neither the T dependence in the Wilson
coefficients nor the T2/Q? expansion were considered.
Above T /T,=0.6 we have monitored the relative contri-
butions of the vacuum and the condensates to the LHS of
the sum rule; and of the resonance, the continuum and
the dissociations [scattering term, see Eq. (2.8)] to the
RHS of the sum rule. These numbers are collected in
Tables I-III, for the models considered. We have
displayed the contributions for both the expanded and

TABLE II. Contributions to the sum rule for the instanton model (model II). Normalization as in Table 1.

LHS RHS
T/T, Vacuum «a*y {(gg*» Reson. Contin. Dissoc.

0.0 (full) 1.023 0.098 —0.121 0.93 0.07 0.0

0.0 (expanded) 1.023 0.098 —0.121 0.93 0.07 0.0

0.6 (full) 1.023 0.042 —0.066 0.848 0.072 0.081
0.6 (expanded) 1.021 0.034 —0.055 0.853 0.071 0.076
0.7 (full) 1.026 0.033 —0.059 0.819 0.072 0.108
0.7 (expanded) 1.020 0.023 —0.043 0.832 0.071 0.097
0.8 (full) 1.030 0.025 —0.055 0.783 0.073 0.144
0.8 (expanded) 1.029 0.018 —0.047 0.768 0.093 0.139
0.9 (full) 1.035 0.017 —0.052 0.731 0.068 0.202
0.9 (expanded) 1.038 0.010 —0.048 0.726 0.063 0.211
0.95 (full) 1.041 0.013 —0.054 0.680 0.056 0.264
0.95 (expanded) 1.038 0.006 —0.044 0.690 0.024 0.287
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TABLE III. Contributions to the sum rule for the string model (model III). Normalization as in Table I.

LHS RHS

T/T, Vacuum «G*» K(gg)»*» Reson. Contin. Dissoc.
0.0 (full) 1.023 0.098 —0.121 0.93 0.07 0.0
0.0 (expanded) 1.023 0.098 —0.121 0.93 0.07 0.0
0.6 (full) 1.011 0.061 —0.072 0.826 0.073 0.101
0.6 (expanded) 1.007 0.035 —0.042 0.856 0.061 0.084
0.7 (full) 1.011 0.052 —0.063 0.784 0.072 0.144
0.7 (expanded) 1.008 0.022 —0.030 0.817 0.070 0.113
0.8 (full) 1.013 0.039 —0.051 0.729 0.068 0.203
0.8 (expanded) 1.018 0.006 —0.024 0.766 0.070 0.164
0.9 (full) 1.017 0.016 —0.033 0.657 0.054 0.290
0.9 (expanded) 1.188 —0.130 —0.058 0.832 —0.329 0.497
0.95 (full) 1.023 —0.060 —0.017 0.612 0.039 0.349
0.95 (expanded) 0.573 0.384 0.044 —0.933 2.955 —1.022

the resummed version of the sum rules for comparison.
As is apparent from these tables, the expanded version of
the sum rule breaks down earlier, mainly due to the fact
that in this version the temperature effects are power
corrections.

We have also estimated the leptonic width T,
(p—ete ™) and the strong decay width T, (p—mm) as-
suming vector dominance.>? More specifically

2

i
sa‘m
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FIG. 11. Temperature dependence of the leptonic width

I'.(T)/T',(0). Full line: resummed coefficients; dashed line and
squares: expanded coefficients.

with k,,=\/m,2,/4——m12,. Figure 11 shows the behavior
of the relative (normalized to the zero-temperature value)
electronic width versus T /T, for the three models dis-
cussed above. The full curves correspond to the unex-
panded Wilson coefficients and the dashed curves and
square points to the expanded coefficients. Surprisingly,
the leptonic width decreases with temperature, by up to
20% at T /T, =0.8 depending on the model used. On the
contrary, in the region where the sum rule can be trusted,
the hadronic width tends to increase, by up to 30% at
T/T.=0.8 (Fig. 12). The latter is only suggestive since
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FIG. 12. Temperature dependence of the strong decay width
I'.(7)/I',(0). Notation as in Fig. 11.
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we have used a sharp resonance fit while parametrizing
the pole term in the sum rules. This behavior of the
strong width is consistent with one of the chiral mean-
field analyses of Pisarski.>?

V. CONCLUSION

We have analyzed the QCD sum rules below the phase
transition in the p channel including perturbative and
nonperturbative temperature corrections. In the range of
temperatures considered we have argued for the

relevance of a double expansion in both 1/Q? and .

T?/Q% We have used three different parametrizations
for the vacuum parameters as motivated from the lattice
calculations, the instanton liquid approach and the
strong-coupling arguments. Overall, the p parameters
are found to vary slowly with temperature in the range of
temperatures where the separation between short- and
long-wavelength fluctuations is reliable (a fraction of T,).
Around 7T, the expansion breaks down as higher dimen-
sional operators become important. To go beyond 7T, re-
quires a reassessment of the nonperturbative effects and a
rearrangement in the vacuum structure. This issue is
presently being investigated.**
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APPENDIX A

In this appendix, we give an alternative derivation of
the Wilson coefficients at finite temperature using the
real-time formalism. In the real-time method, all the
operators in the system are doubled to take into account
the thermal effects. We also introduce an interaction of
quarks with a background gauge field 4,

L =gV Ty VA, (A1)
where W =(4,,9,) is the doubled quark operator, 7; are
Pauli matrices acting on the doubled fields and T9=A1%/2.
To remove the T-dependent pinch singularities (product
of & functions), it is necessary to couple 4 to ¢¥; and ¥,
with opposite signs. This is easily understood in thermo
field dynamics: the tilde conjugate of A4 is A4 itself
since the latter is real. The massless quark propagator in

the real-time formalism reads

Sp=MDM |, (A2)
with
cosf sind A
= | —sin0 coso |© PTPuY" g ax | (A3)
where
A=i(p*+ie)”!
and

=lpol/T

cos?9=(1+e ) '=np(py) .

The Feynman diagram for the time-ordered correlation
function

I,,=i [ d* e™(TJ,(x)7,(0)) (A4)

is easily written using the above propagator and the cor-
responding gluon propagator. The longitudinal part of
the correlation function is obtained as IILZ—Hﬁ/3q(2)
when q=0. To calculate the Wilson coefficients of the
gluonic operators, either the Fock-Schwinger (FS) gauge
or the modified Fock-Schwinger (MFS) gauge is particu-
larly useful

FS: x#A"(t,x)ZO ,
. (A5)
MFS: A4%:0)=0 and x; 4¢,x)=0 .
In the former case, 4, (x) is expanded as
A,(x)=1x"G
while
Ag(x)=x,E(0)+ - - -

W(OH‘ cee

and

A,(x)=1x/G;(0)+ - -~

1

in the latter case. The LHS of the sum rule, i.e., the real
part of the retarded correlation function in the asymptot-
ic region ReGy(w) (w=iw; with w;>>1) is equal to
ReGp(w) for real w.
The diagram in Fig. 1(c) in the FS gauge reads
. 4
9= [ 3 Tr v SrpIrsV 2S5(p) ]

XY SRV P13Sp(K)]11)
XUGEGH N

(A6)

where Tr is the trace for spin indices, k =p —gq, 11
denotes _the ll-component of the matrix and
V‘;ﬂ=y"‘8/8pﬂ appears while rewriting A, using the
field strength.

The following Ward identity is useful to evaluate the
product of propagators with momentum derivatives:

9Sk(p)

a0
- o g2 .
1 o, Sp(p)y, m3Sr(P) T80 %, [72,SFl+

(A7)

It is easy to see that the second term in the RHS of (A7)
can be rewritten as
. a0 2
zﬂzguoa—(pq/)ﬁ(p MT,M . (A8)
P

In the FS gauge, it can be shown by explicit calculation
that this term does not contribute to the real part of the
correlation function. This is more manifest in the MFS
gauge where this term never appears since only the
three-momentum derivative arises in the calculation. As
a result (A6) reduces to a product of S without momen-
tum derivatives, which is easy to evaluate using the fol-
lowing mass-derivative formula
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d
om?

i

)n+li

(SF"'s)ﬂH:(P Y Py

pit—m?+ie

—2mnp(py)d(p2—m?) . (A9)

m2—0

Since only terms that contain a single 8 function survive in the real part, we obtain, for (A6),

va

4

——2g2f—d—2);[1—~2nF(po)]5'(p «G 4G %)
o

where G uv 18 the dual tensor defined by ;€

(B4).

uvipa

G}, Substituting qo—iq,, we obtain the results quoted in Egs. (B

(A10)

2) and

The calculation of the diagrams in Fig. 1(d) is essentially the same as the one just described. The second term of Eq.
(A7) does not contribute in this case and one gets the following result after some tedious but straightforward algebra:

l_an(Po)]

—4
") oyl P

k6 fpv(p)k

with f,,(p, k)

1| 8(pY) _8"(p?)

= fuk,p) |GG ), (A11)

=(p~k)kukv—k2kupv. This can be shown to agree with (B3) and (B5). One should note that the above

expressions can be obtained by simply substituting 1-—-1—2nz(p,) in the zero-temperature result.

APPENDIX B

In this appendix we provide the full temperature dependence of the Wilson coefficients for reference.
coefficients were used in the calculation of the full curves in Figs. 6-11.

These
We obtain the following expressions, which

were obtained both in the imaginary-time and in the real-time formalism (see Appendix A)

oo d 2
e=—f B TR PV - B1)
872 Y0 pl+Q%/4 0 2T
2 3N2
a1 a Po po— 3@
(a) — s
=—_t 1 1—tanh |~ B2
CPT T 6r ot Tar @ f dpj | 1~ tanh | o +0%/4) (B2
2a po—+0Q? 1
CY)=— dp3tanh — (B3)
£ or QZf bo 2T (po+Q%/4)”°  pilps+0Q°/4
3N2
A Po —3Q
(@) — 1— h
5 Sor QZf ded | 1tenh (57 | | it oi/ar (B4)
2a, Po —30? 1
eY)=— dp3tanh — (B5)
P om QZf PORTRAT | [ pE 024’ pipi+0i/4)
(aq)zz"%’ﬂ'as . (B6)

Note that we have performed one subtraction in (B1). Also, the coefficients @”’) and @

and finite temperature as discussed in the text.
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